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Proposition 0.1 (Exercise 2-3b). The antipodal map o : S™ — S™ given by x — —x is
smooth.

Proof. We need to show that for every p € S", there exist smooth charts (U, ¢) and (V)
withpe U, a(p) €V, a(U) CV,and poaod™t: ¢(U) — ¥(V) smooth.

Let x = (2!, ...2""!) € S* C R"". Then 2’ # 0 for some 7, so x € U;" or x € U, (where
Ur ={reS": 2" >0} and U; is analogous). Without loss of generality, suppose = € U;".
Then a(zr) = —z € U;, and a(U;") = U, so in particular the inclusion a(U;") C U; is
satisfied. Finally, we compute the composition ¢ o a0 (¢F)~! : ¢F(U;") — ¢F(U;7). Let
u=(u',...u") € ¢ (UT).

pFoao (¢f)H(ul,. . . u") =g oa(ul,. . w1 — ul2 . u™)

_ ot 1 i—1 2 i n
- i(_u7 U s 1—IU| —u, ,—U)
1 i—1 % n
—(—U, , U , —U, ,—U)
= —u
and thus this composition is smooth, hence « is smooth. O

Proposition 0.2 (Exercise 2-6). Let P : R*™1\ {0} — R¥TL\ {0} be smooth, and suppose
that there exists d € Z such that P(Ax) = A P(x) for all X € R\ {0},z € R**'\ {0}. Then
P :RP" — RP* given by [z] — [P(x)] is well-defined and smooth.

Proof. To show that P is well-defined, we need to show that [z] = [y] = P[z] = P[y].
Suppose [z] = [y]. Then y = Az for some A € R\ {0}. Then

Ply] = [P(y)] = [P(\x)] = [NP(2)] = [P(x)] = P[a]

thus P is well-defined. Now we show that P is smooth.
Let [z] € RP" and fix z € R™™\ {0}. Let m, : R*™\ {0} — RP" be the standard
projection x + [z]. Then set

Ui ={y e R"\ {0}|y" # 0}



Since z € R\ {0}, we have 2’ # 0 for some i, so z € U; and [z] € U;. Since U is a
saturated open set, U; is an open neighborhood of [z]. Set

Vi =P(U;) = {y e R""\ {0}y # 0}

The second equality follows because P maps lines to lines. Then we set V; = m(V;), and we
have

Vi = Wk(‘/i) = T © P<Uz) = P © 7Tn<Uz‘) = P<Ui)

Then P([z]) € V; and P(U;) C V;, and V; is open because V; is a saturated open set. Define
¢; U — R™ ;- V; — R™ as in Example 1.5, as

L il 271 xzfl :L.z+1 :L,nJrl
Gz’ " = e s
x T x x
ol i1 it s
1 k+17 _
Yilz s = e s
x ¥ x x

We claim that ;o P o ¢t (Vi) — ¢4(U;) is smooth. We compute

wio]-:’ogbjl(ul,...,u") =0 P([ul, .. w10 u)
:wi01507rn(u1,...,ui_l,l,ui,...u”)
"

= om0 P(ul,. .. ut 1,0, )

Since v;, T, and P are smooth, their composition is smooth.

Thus we have shown that for every [z] € RP", we have smooth charts (U;, ¢;), (V;, 1
with [z] € U;, P([z]) € Vi, P(U;) C V;, and 9); 0 P o ¢; '« ¢i(Us) — 1p4(V;) smooth. Hence P
is smooth.

As an assistance in keeping track of the argument, we provide the following commutative

diagram:

U —— R\ {0} — £ RFI\ {0} +—— V)

e

Uy —— RP" — 5 RPF «————— V]
l@ ldh’
¢i(U;)) —— R RF «— > 4y(V))

]

Lemma 0.3 (for Exercise 2-7). Let M be a nonempty smooth n-manifold with or without
boundary where n > 1. If f1,... fx € C°(M) such that supp(f;) # 0 and i # j —
supp(f;) Nsupp(f;) =0, then fi,... fy are linearly independent.



Proof. Let f1,... fr be as described, and suppose that

k
Z aifl- =0
i=1

for some real scalars a',...a"*. For each a, supp(f.) # 0, so there exists z,, € supp(f.) with
fa(za) # 0. (If no such z, exists, then supp(f,) is the closure of the empty set, which is
empty.) Then since the supports are disjoint, =, ¢ supp(f;) for j # «, so fj(a) = 0 (for
j # ). Then

k k
0= (Z aifi> (To) = Zaifi(xa) = a”fo(Ta)

=1 i=1

Since fo(zq) # 0, this implies that a® = 0. Since a was arbitrary, this means that a' =
.=af =0, hence f1,... f are linearly independent. O

Proposition 0.4 (Exercise 2-7). Let M be a nonempty smooth n-manifold with or without
boundary where n > 1. Then C*(M) is infinite dimensionall.

Proof. Suppose C*°(M) is finite dimensional with dimension k. M is nonempty, so there
exists p € M, and then there must exist a chart (U, ¢) with p € U and U = B(0,1). So U is
uncountable. Choose distinct points x1,...xx1 € U. Because M is Hausdorff, for each pair
i, x; with i # j there exist open sets U7, U; with z; € U, z; € Uy, and Uln Ul = 0. Let

Us = Nz}

Each U; is a finite intersection of open sets, so U; is open. Since x; € Uij for each 7, we
have x; € U;. Since z; & Ul-j for each j, x; € U; unless ¢ = j. Thus Uy, ... Uy4; are pairwise
disjoint open neighborhoods of x1, ... xx1.

By Proposition 2.25, for each i there exists a smooth bump function f; for {z;} supported
on U;. Thus we have smooth functions fi,... fxs1 with nonempty disjoint supports, so by
the previous lemma these are linearly independent. This contradicts the assumption that
C*>°(M) has dimension k. Since k was arbitrary, this means that C*°(M) cannot have any
finite dimension, so it is infinite dimensional. O]

Proposition 0.5 (Exercise 2-10a). Let M, N be manifolds with C(M),C(N) being the re-
spective algebras of continuous functions M — R, N — R. Let F : M — N be continuous,
and define F* : C(N) — C(M) by f + foF. Then the map F* is linear.

Proof. Let a € R, and f,g € C(N). Then
F(af +9)(x) = (af +g) o F(x)
= (af + g)(F(z))
f(F(x)) + g(F(x)
(
(

)
foF)(x)+(go F)(x)
Fr(f)(@) + F*(g)(x)
Thus F*(af + g) = aF*(f) + F*(g), so F'* is linear. O

a
a
a
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Lemma 0.6 (Exercise 2.3, needed for Exercise 2-10b). Let M be a smooth n-manifold, and
suppose f 1 M — R* is a smooth function. Then fo ¢~ : ¢(U) — RF is smooth for every
smooth chart (U, ¢) for M.

Proof. Let (U,¢) be a smooth chart for M, and let p € U. Since f is smooth, there
exists a chart (V},1,) such that p € V, and f o' : 4,(V,) — R" is smooth. Since
(U, ¢), (V,, 1) are smoothly compatible, the transition map 1,04~ : p(UNV,) = 1,(UNV,)
is a diffeomorphism, that is, it is smooth. Then

(fou,Yo(poo™)=fod ™t :p(UNV,) =R

Thus for every ¢(p) € ¢(U), there is a neighborhood ¢(U NV},) such that the restriction of
fo¢™! to this neighborhood is smooth. Hence fo¢~! is smooth (using Proposition 2.6a). [

Proposition 0.7 (Exercise 2-10b). Let M, N be smooth manifolds and F : M — N. Let
F*: C(N) — C(M) be the induced map f — fo F. Then F is smooth iff F*(C*(N)) C
C>*(M).

Proof. First suppose that F is smooth. Then for f € C*°(N), f is smooth so F*(f) = fo F
is a composition of smooth functions, so it is smooth. That is, F*(f) € C>(M).

Now suppose that F*(C®(N)) ¢ C*®(M). Let x € M, and let (U, ) be a smooth
chart with z € U ¢ M. We also have F(z) € N, so let (V,1) be a smooth chart with
F(z) CV C N. Thenlet U = F~Y(V)NU and ¢ = ¢|y, so now we have a new chart (U, ¢)
with F(U) C V. Let n be the dimension of N, and let 7; : R® — R be the projection x — x°.
Then m; 09 : V — R is smooth, so by hypothesis,

F*(mjo)) =mooF
is smooth for each i. Then by the above lemma (Exercise 2.3),
miopoFog™t:p(U) =R

is smooth for each i, s0 o Fo¢™ : ¢(U) — (V) is smooth. Hence F is smooth (for every
x € M, we have a charts (U, ¢), (V,¢) with z € U, F(U) C V, and ¢po F o ¢! smooth). O

Proposition 0.8 (Exercise 2-10c). Let M, N be smooth manifolds and let F : M — N be a
homeomorphism. Define F* : C(N) — C(M) by f — foF. Then F is a diffeomorphism if
and only if F* restricts to an isomorphism from C*®(N) to C*(M).

Proof. Suppose that F' is a diffeomorphism. Since F' is smooth, by part (b) we have
F*(C*(N)) € C*(M). Since F~! exists and is smooth, by part (b) we have (F~1)*(C>(M)) C
C*°(N). Additionally,

(F ) o F)(f)=(F ) (foF)=foFoF =
(F o (F))f)=F(foF)=foF loF=f



so (F71)* = (F*)7'. Now we need to show that F* (Fx)~! are homomorphisms. Let
f,g € C®°(N) and h,k € C®(M).

F*(fg) = (fg)oF=(foF)(goF)=F(f)F(g)
(F*)~'(hk) = (F~')*(hk) = (hk)o F~' = (ho F™')(ko F1)
(h (F

= (F) (h)(E ) (k) = (F7) " () (F) " (k)

Thus F*, (F*)~! are homomorphisms that are inverse to each other, thus both are isomor-
phisms.

Now suppose that F* restricts to an isomorphism on from C*°(N) to C*°(M). By hy-
pothesis, F' is a homeomorphism, and by part (b), F' is smooth, so to show that F' is a
diffeomorphism we just need to show that =1 is smooth. As shown above, (F~1)* = (F*)71,
and since F*(Coo(N)) C Coo(M), we have (F~1)*(C*(M)) C C*(N). Thus by part (b),
F~1is smooth. Hence F is a diffecomorphism. ]

Proposition 0.9 (Exercise 2-14). Let M be a smooth manifold with disjoint closed subsets
A, B. There exists f € C*(M) such that 0 < f(z) <1 for allx € M and f~'(0) = A and

/(1) = B.

Proof. By Theorem 2.29, there exist smooth, nonnegative functions f, fp such that f;'(0) =
A and f5'(0) = B. Let f : M — R be defined by

fa(z)
fa(z) + fa()

Note that the denominator is never zero, since A, B are disjoint, and f4 only vanishes on A
and fp only vanishes on B (and both are nonnegative). Thus this function is smooth, and
nonnegative on M. It is also bounded by 0,1 as f4 < fa+ fg. In particular, fora € A,b € B,

_ fale 0
N =@+ fal@) ~ 0% Fal@) "
L0 falb)

T L)+ f5(0)  fa(d) +0

Note that for x € AU B, fa(x) # 0so f(z) #0, and fg(z) # 0 so f(x) # 1. Thus f is the
required function. |

fz) =




